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VIBRATIONS

Introduction

Vibrations are oscillations that take place at regular intervals of time. Free
vibrations take place, when a system is disturbed from equilibrium position,
due to the resistance from internal forces. Typically, an elastic spring or elastic
nature of a member in a system offers the resistance.

Energy in free vibrations: To disturb a system, some external energy is
supplied to the system. At any time during vibration, this energy is present as
combination of Potential Energy (PE) and Kinetic Energy (KE) . Sum of the PE
(due to elastic elements) and KE (due to mass or inertia) is equal to this
external energy, when there is no dissipation of energy due to damping etc.

Conservative system: A system in which energy is conserved (ie., not lost or
dissipated) during a cycle of vibration is called a conservative system.

Classification
(Linear — Non-linear)

A fundamental distinction or classification can be made, in mathematical
terms, as linear or non-linear. Dynamics involves inertial elements with mass
or MI (representing distibution of mass about an axis of rotation). Forces or
toques involve second order derivatives of displacements ( linear or angular).
Thus equation governing motion of the system (displacement) will be atleast a
second order differntial equation.

When system dynamics are modelled as a linear differntial equation, then the
system is called a Linear system, and associated vibrations as linear vibrations.
Opposed to this is the description by a model which is a non-linear differential
equation.

Non-linear terms arise due to non-linear input-ouput relations in the
description of behaviour of componets used in the system. However, such
behaviour is either simplified as linear, or assumed to be in a small range of
operation, so that the overall model is treated /justified as a linear equation.

In the accompanying notes, we restrict our study to linear system models
and linear vibrations.
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Vibrations (linear) can be classified based on

a. Nature of motion (Longitudinal- Transverse - Torsional)
b. Whether external force applied (Free — Forced)
c. Degrees of freedom (Single — Two - multi d.o.f)

a. Natue of motion:
1. Longitudinal : When mass moves along the length / axis of the elastic

element. Eg. Spring — mass system
K. <—p 2(t)
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2. Transverse : When mass vibrates perpendicular to the longitudinal axis
of elastic element. Eg. Cantilever with mass at end or a simply supported
or fixed beam with a mass in the span.

xCE) alhk)
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3. Torsional : Rotational oscillation /vibration of a rotor about the axis of
the shaft on which rotor / disc is mounted.

—)300

b. Presence of External force

Free vibration: (No external force)

-- Free undamped vibration: No damping element is present. Or the real
/ practical damping is consisdered as small and is ignored. Here the
oscillations theoretically go on with the same amplitude.
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-- Free damped vibration: When a damping element is present. This
reduices the amplitude with each oscillation as energy is lost in each cycle.

() z ()
Free -urdomped. Fyee —damped

Forced Vibration : An external harmonic force , like F Sinot acts on the

system. The system elements vibrate at the same frequency as the external
frequency o.

In this case, the problem of interest is the variation of amplitude with
changing external forcing frequency o, and sometimes the phase difference (¢ )
between the two harmonics, ie., external force and system response.

Our interest is study of variation of system amplitude and ¢ w.r.t the changes
in @, as well as with the damping ratio.

c. Degrees of freedom:

The number of independent parameters required to desribe the dynamics or
motion of the ements of a system w.r.t time, is equal to the degrees of freedom.

P

In a spring mass system shown, £

we can obtain an expression for x;(t)

which describes the motion of the system, um 2, ()
ie any point on spring as well.

Consider the system with two masses and

springs as shown. The system motion now (Ma] ()
needs the description of two parameters e (&) 2-ded

x1(t) and x2(t), which are independent of each ther. Swgle 4 0. Q_jg,L_e}M
The number of independent parameters needed to describe are 2. Hence this is
called a two degrees of freedom system. Similarly if two rotors are mounted on

a shaft, the two parameters 81(t) and 62(t) are independent. Hence it is a 2-
d.o.f system.

Similarly 3 d.o.f system etc.
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DOF and natural frequencies: A single dof system has one natural frequency
like (k/m)!/2 for a spring mass system.

A 2 dof system has 2 natural frequencies, @n1 and ®ne. Any arbirary disturbnce
leads to periodic motion of x; and x» each having components of both
harmonics. Eg. Xi(t) = A1 Sin(@nit + ¢1) + Az Sin(@nat + ¢2). Similarly Xo(t).

In general, the study of free vibrations is mainly to determine the natural
frequency and damping ratio. Nat. frequency is indicative of the frequency of
oscillations and damping ratio helps to understand how soon the oscillations
stop.

In forced vibration cases, knowledge of nat. frequency is required to ensure
that external forcing frequency is reasonably away from ®n to avoid resonance
effects. In forced vibrations we also study the forces transmitted to supports,
the effect of damping ratio and forcing frequency, etc so that due care is taken
in the design to satisfy the requirements w.r.t. vibrating mechanical systems.

Free Vibrations:
Consider a spring-mass system which is displaced from its equilibrium position

and left. We need to find its governing dynamic equation, the solution of which
will be the equation of motion of the mass.

Consider a moment while the mass is oscillating and has dispcament x(t). From
the free body diagram (FBD) of the mass, using Newton’s equation F = m.a we

get -kx=m#¥ j\-kx

or mix+kx=0. (ﬂrj’ >
b -

o

This is a second order differential equation
which is satisfied by ASin ot or A Cos ot , when @? =k/m

Here o is represented as on and is called the natural frequency of the system. It
depends upon the values of K and m in the system and is characteristic of the
system.
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Considering effect of weight

We may write the equation including the displacement of mass due to its
weight mg. In this case the spring is stretched by A = mg /k

A K(ot+2)
M,
The FBD is as shown, from which _
Mg

-k(x + A) +mg = m X which becomes, (from mg = k. A)
m ¥ + k x =0.

This is the same as when initial deflection is not considered. As it does not
affect the governing dynamic equation, we may ignore initial deflection and the
corresponding initial potential energy in spring. The equilibrium position in
such cases is when it is displaced due to weight. The equation is the same
irrespective of whether it is presented in any of the three ways shown below:

Solution of the equation:

For the equation x +(k/m)x=0,
We may write the solution as

x(t) = A sinot + Bcos ot or as
x(t) = X Sin (ot + ¢ )

The two uknowns A and B or (X and ¢ ) are found from conditions of x(0) and
V(0).

Example: For the spring mass system find expression for displacement x(t),
given tht x(0) = 0.2 and v(0) = 0.5.

@ = (k/m)!/2 = (4000/20)1/2 = 10V2 rad/s

We may take the eqn for displacement of mass as  x(t) = X Sin(eot + ¢)
Which gives, x(0) = 0.2 = X Sin ¢;

d/dt (x(t)) = ©X cos(wt + ¢) so that

d/dt(x(0)) = @X Cos ¢ = 0.5
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From above egns, we get

tan ¢= 0.2/0.5 (10vV2) = 5.656;
¢ =80° and X =0.2/ Sin¢d = 0.2/sin 80° = 0.203
So that x(t) = 0.203 Sin(10v2t + 809)

Thus the governing dynamic equation of motion obtained from Newton’s
formulation or other energy methods lead to equation of motion ( linear or
angular) of the inertial element as shown in equation (2) .

Energy method:

Principle of energy method is that the total energy of the system is constant
( and equal to initial energy given to disturb from equilibrium)

For the spring mass system, when displacement is x,

PE = energy in spring = kx2/2; KE = energy in mass = mv2/2

Thus total Energy = T = PE + KE = Constant , so that d/dt(PE+KE) = 0.

In this case we get d/dt (kx2/2 + mx2/2)

=kxXx +mxx=0

Or m¥X + kx =0, which is the same governing equation.

In the derivation of the governing equation, we may use methods of Q _"fdx
equilibrium, ie Newton / Euler or Energy method as convenient. l

Effect of mass of spring: ( m,&) T el e =V

We had ignored the mass of spring earlier. If the spring mass is significant, we
need to consider the same.

At an instant, let the velocity of mass m attached at the end of spring be v.
Consider a small element dz at distance z from fixed end, so that KE of the
element = (m,. (dz/1) . (v.(z/1)?3)/2

KE of spring = [, (mo. (dz/]) . (v.(z/1)2/2 =(1/2 . (mo /3) v?)

That is, it is like additional mass m,/3 attached to mass m. Hence, the natural
frequency, when mass of spring is consisdered is @n = V (k/ (m+mo/3))

6



BE (Mech) DOM - VIBRATIONS - Introduction - MVSR Engg college DrPA Sastry

Mok e of syl b g conbies

Aubchhaded in (ke zsim#.mu an wn-—,—“ '5\%_

s C 7
Ki Ko
b
L Ka L Ke = KiFRa
C
Ke.= Ky+ko - )
Ke = s
K|+’kL
28 2K
K kK _ = = = 5
- k.
) *
K
o e E

__—_———_——_—_—‘ s -
Arotior. usefo] form o On 2mpert
\r’ r \r wohoz A =M3[K.
= T+ . -1%

Using dfa form wn.ﬂ(,z;
Miandmge qfc}f:us)ﬁm gl (O car be eskmaled  fom

T stobic deReckiem obsenwed, and KnewleSge o K and m
Is na{' ?asilui'red '



BE (Mech) DOM - VIBRATIONS - Introduction - MVSR Engg college Dr.PA Sastry

Tramnsvernse Utbvahm:!i
_ Coneliloven, welll awmant allacked o He ond oo Basw

£
fom |t fou B ]

——
Nakenal M“Ma 0,?‘9.’}%} Dl —’-Ti
il > (. MMJ“—"'*’"
Hene K iz dew wmal (s{-/.-%“m, ~ K= ___E:, %% CN'—“MS)

!" b.) \rg_g.' -:

Kv\oww\g e ma}e:ruel dﬁen% E = geamétg IMQ.Q{,]DQW)
WOn Can ke &Rma}aé a gwm“m'

— Nobe: o, Gan danbe cdeddd fom 0,20
whene Albéﬁ-@ao»?_eﬂkwabwe}mm w chashsd .
(A@a}w}# DiegNew, ET mond L m,\z),-yp_;im Eg}_n&mn)

e

a;r,bma)(es\rj Ja%ewq’ww A e Knoow ]
EZ/N

' 4
o den o vohor ovdise ofaded do a BRafl A
. e ,E:;g\, oud \o&[, S wll Lo oxceds



BE (Mech) DOM - VIBRATIONS - Introduction - MVSR Engg college

Conntden h«q 'F(QQ’E‘Z’J‘B C},,.chmM GF g oy
Rotakon 8 2 disc s veaistes by

Arvsional postoknee f M @1 O &) g(k)
m )G’\ﬂiu-ﬁb c:lu.ﬂ. -Lo M cd ks.e
ghves u Ky = Ty

T/6 Moy be sfained a-yw '\cwm ‘fng.ulg _Ti_r__ !t'{.' €
ar 'r/er = CT/y Whieh Can be exvalualia Fym
Wadenad Ons gawélxic vaﬁmgci‘ai o* sl‘r@gr.
Ejuah;v of wokow mohow ;
A<Buomng | BL&) TR A mﬁmﬂw{ aucjemblw ok tuseed 8L
We L\O-’(‘e/ i kg

Dr.PA Sastry

?‘lco

= @; uMluiﬂ.Mlqprﬂ%w

o Texrk& =0 o focond nday HKff g

W= f%

Eviengy Melhed - L
Asswwﬂ csalletry motion D) = K S o
YE O:Fn’h"’ _LI_@ _-.L‘\:_Gb\wceﬂwh!()
KE =55 L X s 03,\
PE (sRafh) = Jr ke ®”
PEnmax = KsA
&i’“gp““} P’me ‘“E'M“ o

= Cor\-\rg




St
D Susple. Peudalina.
a—) uji'ﬂ E?M%ﬁum melhed - |
At ougle o of Cutag,

" -—mcaL.Cl:ue = Ié’
o I_é_;r_mca'.e =0 (&.«swdle)

Heoe 1 =1+ M (atosko) Je mcade

\'do_alo.c)'f»? Tg, We M obouk

l =

Remee W

ml )
L 6
e Cf} Io+Mg b=
s =8

mw:ﬁw

B p®) (et
asg eegyreted. o g (res®)
_ tsie) Svegd = 5
i A Y=o = waﬁ&
SelT0=

\_.-jo —



Leven walk ;M
5\:" "‘g " B B

/\. AP“"" é’l{m KT g

Dﬁfﬁw‘umaa’”— mars <t 2 dm,{-og{y.,w?
= (Poree o) A duatomdfk = g =5 [k,

D%eez_oe‘w&ue,-{-ok:a}g (% L _ QG%)L
T8l o fachan o € = Am&hfﬁd}»’ma
A = wmala), ™o

B+

1/

Koo wo w2
by SR y
Hrom {—M}j MaLS
K F—lm
7 - = MK
= =

-%’F /fr’\m mast Mo, manen}hdnwlﬁ

fod qf Masm ou F&M}%&@w«l)

C&h & :, L eYe

ek g (pokedy = 1O
gu{bﬂﬂw _rg_hh".x_,) —Le_—‘_m-x'(_p LOLY;—D



.._.jQ_.,-



