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Sate variable Method of Analysis:
Topics covered:

What is a state model

Comparison with TF model

Methods of obtaining state-space models of dynamic systems
Transfer function from SS model

Solution of state equation

a. State Transition Matrix

b. Solution of Homogeneous (free) system equation

c. Solution of non-homogeneous (forced) system equations
d. Properties of State Transition Matrix

6. Controllability and Observability of a Control system

O B N

1. State Model ( or Sate variable or State space model)) :
State: The state of a dynamic system is the minimum set of variables
called state variables, which if known at time to, along with the input, the
system behaviour at t >tp can be determined.

A dynamic system represented by an nth order differential equations can be
split into n first order equations, which can represent a state model. The
model consists of the chosen state variables x1, X2, ...Xn, the input u, and an
output y (for a single-input single output system).

The state model representation of a system is
L
X=AX +Bu
y=CX +Du, where

X is (x1, X2, ...Xn) - a (nx1) matrix of state variables called State matrix,
A is a (nxn) matrix called Coefficient matrix,

B is a (nx1) matrix called Driving matrix,

C is a ( 1xn) matrix called Output matrix ,

and D is (nx1) matrix called Transmission matrix.

U is input and y is the output.

The state variables are the minimum set of variables.
The choice of the variables in the first order equations may be different, which
leads to a different state model of the same system.

For example: consider a transfer function
C(s)/R(s) = k/(s? + as + b),
ie, c+ac+bc=kr .. (1)
Letx;=cand X2 =X1=C
Eqn. 1 becomes, X,= - a X2 - b x1 + kr

Above equations are written as
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or

y [1 B]lT=
X2

X =A X + Bu
y=CX + Du

is the state model of the given second order system.

2. Comparison of Classical (TF) method and State variable method

Transfer function

State variable (State —Space)

1 | The classical Transfer function is a | Time-domain approach
frequency domain approach

2 | Transfer function is unique State model is not unique.

3 | Only input, output and error Chosen state variables need
signals are important and are not represent physical or
physical variables and measurable | measurable variables

4 | Design methods are trial and error | Not trial and error. Systems
methods and are approximate can be designed optimally.

5 | Can handle only linear and time — Also handles non-linear and
invariant systems time-varying systems

6 | Generally limited to single input- Can handle SISO and MIMO
single output (SISO) systems. Multi | systems with equal ease.
input —Multi output systems (MIMO)
are difficult

7 | Initials conditions (ICs) are Ics can be considered.
neglected.

8 | Internal variables cannot be fed Internal variables can be fed
back back

9 | Requires Laplace transforms for Treats both similarly.
continuous signals and Z-
transforms for discrete signals.

10 | TF models can be handled by Computational ntensive and

manual methods

often needs use of computers.




s..a #
State Space Analysis of Control Systems - BE (I (Mech), MVSR Engg College, - Dr.PA Sastry

Skafa modde can be obtined &'j oujﬁwgu}/ {dewiﬁll%‘
Melleed 1 - |

att) ~ o2 2 v(s)
D>+ 7D+ \4D+8  u) 8
93;,.15‘!'4-&4-3

e WAY. B
UL 3rTawlsr

Theyxe oxe no £ Yovmat i (v hﬂm-era.J'ZfY- Hernee We ey
" dA}fuM&J Qsluahdw an -

~eu — @

J
L@%f:&ﬂ 'xl- - '-J (2
[ —_ — )
9(2 = ‘7(.’: 5'_9 oy % %
Ean (1) becomes, i
cr .9.¢-'83 ’4‘9"73*8&1 =i

: " Mase m O
Eane. @23, (2) 4B e wariftew o il

';&1 Bog e 2y o £
% | F leo o 1:([«21'-1’ [;ABL\ - (

3 -8 -y - 3
and (j-;:‘x, o2
y = [ ooj[if? ®)
i

Eans. (5) 4 ©) YQF?W{' do  state-vevdable medel

of he givem aydens m m""j‘"”"

X = AX +-BU

g =c» where
% ’:" : X o | o Al -
Tl A= [%’B, A= loo i }57[8]' c=[! oo]
Ky b | -8 -1y <]
& D=0

B



State Space AVLQLUSLS of Cowntrol Systems - BE I (Mech), MVSR Engg College, - Dr.PA Sastry
Melhod 21 Tris &g applicd ohow & dewnoninaly of TF
DN 'ﬁ*e"'ﬁ"e@{ jQrYM %P fd'a-rclw» %mms Laund nLLMerﬂ-ll‘W
&2 a contant (@ NE{E"‘JKS'{'M)J asr m
o B
ucss &+ ) Cs+2)(5#3D
= 8/3 C S 4/3

ke may wnite
_. 8/2 - 4 Tes) + 4/2 ues)
s - ———
¥ Lo ucs) e oy
ov Y(s) = %K, (S) 4 F2(S) FRL8)  — @D
i hich X,(AD= %%u(s)
or £ R0 + X,(8) = Bz, UCS
n ‘ll,ime.—-chma.;V\.., u({)
oY M i e
& (&) + =) /2 .
: g. .
= - ,_4..._. u(s)
Semibrly AL5) e - £, ) .
4/2 ]
and Yo l8) = gl e

Eons- (23, (2). % oud 29u: (1)

'5£| = O G 2% 9/3
"Xz - |’ <2 © %, |- . -l @]
%y o o -4l L% Sk P
Gud Y = [ { ( }] [ﬁ:& N
3

whick wzf,-rgow} ki s meddl c-bfh{ 31'@& iqsbw

4



State Space Analysis of Control Systems - BE Il (Mech), MVSR Engg College, - Dr.PA Sastry
‘Houremen, ne o (L olwmlvr °6flf.{' T.F o gtv/eu a

Fatth fl%vm ao w f&:muf)(n cj Neltod 4,

We  Cay g@f? a &Aﬁwa S“I'C-J',C’- Ma"‘(""‘, ?‘?

Yy 8 g
SIE) (s—r-r)C%-z)(S—rZ)E 55+Q$1+,,3+G

— Y489+ /1§+6y=8u
Thic e homdled as in Melkod 4, wheve

=%, . 5-:—:%,:-—9(};9:17_-::13
and Y 2-69-4)_9-6%5 +84 = %A,
Leceaofiug‘t'b
';E; o A o Xy o L{ _
LB |7 |oo iAH%‘}.‘_%
%, =& «f 6] L%z - &)
%,
"j = [i. O o:{ [qz N
Az

Stk spmes vadde (P) 2 @ owe b wedels

# WS fane syslew YO _ 2 _
U~ L+NCs+2)(sPB)

f_\li(’__'. We can oblkun (e *tvoa.\gt.w —quCme 0‘6'&
=5

Jlvem . o gl,_-olf,‘@@\
Yes) T D — (R
o = C (5T A B (R)

gg Sa.lyﬁ—]-u}b'ufj bs aﬁ,«aﬁmbe' wabices  ia —Emrm (P)
or @) wh o9 (R), e fame TP@ obloined

@ IG Same tvamps fanchen . be e prosented
by ah'ﬁw ,&-1:9_1_2 moolols .



State Space Analysis of Control Systems - BE Il (Mecm,- MVSR Engg College, - Dr.PA Sastry
MBS 2 5 (o mmamber Boo &L Bbawnas o
ovdarn LY | Evarple
ys) = 524—25 + |

(JCs ) S§+ S eam
\ L
Ke waoy wtte Jg az

(< 2 »

ytrfg)' P‘ﬁ;) . @*’ZHD (2 7s% 13 +8)
Zf—ig = (5'2-4"2«5-*' :

F(sD . : £

¢t) + §C

o g e S Ry — @)

ek % = ’g.@’) : P2 o

O"Z = qz,"-: 'f'ﬁ:) +(£’ - (3)

PR [

bhick i lie €S Nl’-rﬂesm*&hém o}‘— e givem ijS‘{PuA-



State Space Analysis of Control Systems - BE Il (Mech), MVSR Engg College, - Dr.PA Sastry

From Black ol-i‘_afrq_ﬂ_vs We may also obtaom <€ modale ?om
Hock diagvafr\ng. Qana‘cimc:t sqi"l’em ehovon

Nebe : Sote mfuaue,?. i : e:r-z N
%, A, ebe have fo be - s 2aty

(‘J/:asfe,w al O"d'fb"‘}sjft;

' loy black & @

|r\."(f-9::m’ _L;— e‘t wg.
& e

5
Froms Wz modii fied Hesle o
- x) ! '
dfa‘-ﬂfw“" ):Sg('_)gﬂ)-: S 2 P 4 = 'X’ + 222 Cﬂ’r—'zz)
!

A{K‘O "-](5) e '_______|___________._..,- y OF 'M *‘:Cm&*chmai'f\-

E (s % zst+h :
2 = L] == 3
22

;J.?.,-!— 2z & % "
° 2_,11__«2_'.{-u-f

._5':(2,4-&4
!

—

—




t t ] A‘ t S t = EE @ E> 5 tl’--'j
> i [ PALS g x
S { - br
(7] C EJ
fe,dl
0 SR
7 ); MV
S
¥i - |
L '{:C/Olﬂ-
L S5Ls OI
Wil (Lj

-S £

. =Yz R,
ik

a.‘me»m e
(S“—‘ ) " S-;L(LQJ'—W
Nete

Yo “ov
Fol 4
able

Naxe

Au mmy

/S'%ij‘? Vanaue
Lo Q/x%-uﬁmé =

l 9( ‘“.Xg
5 — : 9(’,
¢ \d"‘ & 2
)‘X_,...—
Y {
e -—
(AL )
L&S-
NQYLE)

‘Xg'i‘oe';
. ‘x =
,g-—— 722/#- 2
oy
¥ S+
N l
i T P 28+l
e

u,—x'
=2 =
‘2'2}4- 4%y =
[l ] .‘-
X,
—

e s
o 2%, T o U
r o ‘
‘7(3 =

u
i xg
«x, . ‘1 1
e

2
| U x
u
Adon
< '-a
g&-q\‘o. U::wt
o, lle
I
N:ohng

@A—Fu{- ol
ol o{l(S'-H)H 4%
x‘—_‘)(?'.’ ’x:;
L@l“"ﬂﬂ




State Space Analysis of Control Systems - BE (Il (Mech), MVSR Bngg College, - Dr.PA Sastry
4. TRANSFER_ FUNCTON fom SHate Model.
To fdnd (&) , e TFof e seystenn , Lov sty Stake model (S
ucs)

XE)= A X&) + Buct)
Gt = € RiL) + puc) -

e f:;:)— w@) = AR BUE — E’?ﬁ
5 .- D uw —L2
7’(8) = C X(8) +

Eqn(i) i L XE) - A X = N+ B Ucs)
o (AI-A) X&) = X))+ g2us)
ov  x(®) = [A1- Al (xe L BUK))

Fom 29n(2),  veg) - ¢ (/Sl-»’\) Cx(o)+3uC6)>"“ DU

ok.)
L eleug "mikal codidions %x(0) = 0(‘@ 2,(0) =0, X D=0
¥8) = ¢ @I-A) BU® + Dufd)

or (Y& _ _  cs1-~)'8+D ¢ Mo brander fuschon
D

e Ei@f End TF ,F,,:ug Lnke wode
[ Ee e AT
Y;LCIQ = & CATA) B*D | si-a=sL5]-15 L
"I—i o](B St2 ]+O - iﬁ;*;k
i SN Sy Hﬁ—]

S(s+2)+3

(¢)

S+?-5*3 Lt l’lt 1 s’u— " 2543

fence T (L)
i vC&) s.;-'zs-r-?:

fﬁn lhe gtm St‘a\hz,vgfam MCAJ'

—



State Space Analysis of Control Systems - BE Ill (Mech), MVSR Engg College,

5. Solution _c_:S« State .Eizmﬁdm

Chahon wieans __fF.-_p\d.wﬂ X(t) te 2, (3) %, (). ek . givmm
X (%) g(d* X(0) tahem 'tb-:O) —fa'y Qﬁlm dale madeld -

5a We know Mot fov a AAHW"WJ QS[u.G.hUV\- C{me-aum)
= A%, Mo &duton is
wlE) = K emt wheve K = x(0), so fhat
2 = Hace.
Simdlanty %f o matene _asﬁsa-‘l‘z’wj
X = A%, o Adukon’s
RN B e
To find K, ; uj—to) e e wmahod stale of % S t=ty,

~AXo
)((_'to) = Q’Ato‘ K o K=02 X(_‘to.)

X -Aks
and X (L) = Q,A K = .Q,N% (QA . x(“caﬂ

- br.PA Sﬁstrgj

q 'to":o; x(t) = ,QAt A(O) s . &
i we con fid 15 At <@) at bime T, Krooid B ap

ptale af o gome mihol Hme;oud Mulbitlyagy O Wik <
&Q’U’u ’eA’C i< called Sta.'{'e Tvmsi‘l’ta\f\ W
ap 'dr— W;ﬁm w(0) 4.0 % (1) .

Just as _efﬁ:_ 1-!»-3-}%'4- BEBE_?-—A----
e LA 21
eAt =z I+ At + 8L, -

2 |

% a-[L 3], & =[b8]-TE%)"
—» Theve are vavious Méﬂ(,gdg q,f ,(?,VaLua}lhﬂ Q'At

Gne c{f Teowm 1t lﬂfv[aa WW aﬂ,md«

g =
X t o028 | 4
2! | o t*

—|8 -



State Space Analysis of Conkrol Systems - BE (Il (Mech), MVSR Engg College, - DrPA Sastry
5.b Solutam ,f;y Homopeneous E;'m:hm, .
We have e LT fom of = x = AX a2
A KAL) — o) = A W&
Lrew uWhick (6T -A) X&) = R0)
*a) = BI-AY'wE) — @

¥y e I [_SI—-A]'i %.(0)
As x(-t) = oAY x(0) | »
e baive G swﬂmaw Vakix sz = {7 (3-8

I

Hso osn() obove may he tmtten ao |
% %(8) = DCR) X(0)  uhew &= €1~
Gmd x(t) = & (t) »(o) wheve 4E) =" &®

Sk =

The L hcn ,%vn/( o &) o SR o in caﬂ;zé

g M eTM.

ST™ o oAt (4 (1oAY
Eromple : Fid <), "o 1) =[5 L2 T
A=To ! ('#‘“"""1"‘}
=5 ]
&) = Z’P\) i[o t—} [3 "f]’g [5 SHJ
R e
~ S(sH)+3 [ s

GLWM X(0) = T’i,(o))} [ ]

X)) = $&) x(0) = J: L +l;s+3lg X 1

= (L#‘ (‘5 2L AB+D "3

SHI-
f S =TS
< -,% -H".

b

t



State Space Analysis of Control Systems - BE (Il (Mech), MVSR Bngg College, - Dr.PA Sastry

AT 3z
(;\4 S‘\"\ s,q_g

32 _ _ 3/a

S+%  "si

5. o -3X
: ]
= [%e oA ] = [l't )J s iz Zlukion,

A, (E

5.4 selhon of Shake Equakion Ik Jorei furchar (W
T (Now- kauogehwn &qusJ‘O"D

xct) = AXl) + Bulk) i
X -AX = BU mcummuwgugmﬂwe y
M:(X A;x) = ’M: E:U
A
= dt(e x&)) 2] Bu

Tk ra"lf-ﬂ pohresw oko t,

—A
2 xt)~— Xo) =

Medefymg  thanghont ) oAt _
A -
&) = = oM xe) + g £ B uco dt

SJ(' "Ncg Q) 4T

@)

x
ot Xtt)' = @) X)) + P Scbcft)BUCOd‘:-

&) xco) ishicke 12 th}m skt

% Y e x(t) . r@w ke cystem
AR N I
o -2

lu:v{"\‘aj Cov.;:h—[-c.dm ')k('O) ;[i] OMA U on quﬁksw

- §2 -



State Space Analysis of Control Systems - BE (Il (Mech), MVSR Engg College, - Dr.PA Sastry

t X
We have %E) ’e QA)CX(O) -’f—S QA({ <)

B u(r)dcT
o]
O 0 I L
a geps <= :5'_(_;{__2) a - 8
D) = I o g7EE- b s e ['éL 205
% ° &
= S+
= {\ é(!»ez ) '
a 2%
o 2

_g(£-T) >
% At fr %ﬁ""*;,o )]Li 4T
gs?, B ut)dt = H\o o
0 =1k
o o
¥ %.(\Hew"t)dtx s {—ﬁ*;+§zr1
= > R - [
X e Sk
o)
A L AG-T)
%(E) = 2 o) > Se g U dt
-t—.—{—
- 1 U -ﬂ
cad 9(?/(}, .
& = = » 3,7_-\— e____'
i ) Y }—_.‘2.{: I
D= (-2 ) M*
e}
Tis o [l2 Sduhor = & tons i

— 13—



State Space Analysis of Control Systems - BE Ill (Mech), MVSR Bugg College, - Dr.PA Sastry
A !
9 Mz stabe medel, i A te Slogesl, 22
A = 2 & - ¥
e
y _at
e,Ak»;-ilCSI'A) [-e b{:
Heweven, ué, A v rel clm.ﬁm\si, bk Mdgwﬂ'«au_valaw’
(8“3 A, aws?\ﬁ How we cow obtain STM as

oAt M 2 M
Whoxe t t
é{\ = 2{1{5 o

M iz ha modal waabeax o% ,eicijrac,PdYS o A -
EKG\&E‘E .
. e 1)(
Y -

Lt?ap‘ » =
PKI "Al =0 9 {9\ "?‘H_;X => Chox: &g 2 4A+3 =0
; (he .exae,u\alm

A, =~ = AYCAL- A).,K- 1‘&_;3, 9= E’l
bazes > MGER - 3 4] » %=

'Heucn- M-—-[?, '9_2_1 - i 4 O@Mﬁz % Ji'-
i -k

Nowd AL >
B D 3, Vz.’\
f\ -y =2



State space Analysis of Control Systems - BE IIl (Mech), MVSR Engg College, - Dr.PA Sastry
o ¥ o L

i =1 L OEAE
- A
2 i) - ett) W) -2 = att)
bR ARS8 k)
3. @K&) =& ckt) —» @R{_{:};CQA ) e =9%C

A (_t| * t‘;) A‘S\ QA &‘J.

(L) —»dCerth)= £ - 2
- ). &)

Lo (-t ) = ) = ikt k-t
5 @ C A \ d ) ) dr Attz_t') Act'f’to) P\ctz'-t’*t' 'to)
= . e = QL
NG B
N QA( 2 ): b Ck,-%)

-—

4. Gt ty)=-0E) 4

—t AL

-5



State Space Analysis of Control Systems - BE Il (Mech), MVSR Engg College, - Dr.PA Sastry

CGNT&O(_LABIL!TV & OEIERVABIYTY

C’o-nbfola_ﬂoiﬁ'lg; A system is said o be canbollable at -{:c‘me,toJ
?-5- heve extsts am f'wlpai' Uuco,t) ewhick 'bowgz’f e
:sasm {.ﬂw imikal state X(t,) & omdiior stale X&)
in apincle intevyal ©f +teme.
The sasfw (< C@m/Lln_ﬁcﬂj etali Codrellatle tf and GH(‘H
"-51 e vectors B, AR A2p .., An s Divacly
de,f;.euc‘w‘l' fon'as
ke nxn mabris [BiAB: R2B;... A7B] is of vouk 1,
E—%—"F%’]: T T%] L T
%2 [2— __‘I-[.,‘J [i]u
Thew [B: ABT = 2| vebisly o anom- 52

Hemce dtne §3£'):E/w\ o ng\:ljre:\l.au_g?,t %MM

O RSERVARIUTY -

— A systew i¢ gaid 4o be obsewable
e FSCJQ'ISQAM m sbate X(fo) can be dd‘ws-nfzina-é
B S BT LT s foic
i‘o( Sgiqu:{—ﬁk;xr;xi:;;jxk c:amfuoﬂj obeerualle
c .
Fj"'] s of vank n o frao Lnemly mlapesdest

AN~ column vecdors.

Eﬂfi" X = [_‘2 ’_l']x+[‘f]u b Y=[1 o] ¥

< I 0 - '
- Lvowle (=2) axd v
e [& et
—UW%VQ obsewable -




State Space Analysis of Control Systems - BE Il (Mech), MVSR Engg College, - Dr.PA Sastry

et e [ [ e v oy

We cam sea Thal [B AR = [r -3;] /&M cﬁy lable .

C i
[CA} = ]j"'l %Q’] st Smg‘zujm; an (Le wous are
Houwee 1, CﬂgJWK i hob C_‘)me!a(a

£‘<wc§$‘.a£",
(5 Choele diat Wi syslewm

)S

CHIN | o |y lLable £
w= [2“’-‘)"\*4# o ngsnﬁu

B -
(=) Ak ::Y 192 —‘3]: 8’5[51] :‘7[1 - Z]
-5 / =
s cofvolable but nef obserwable.

(3) A= [“3 —1% - S |
& 0 44 6'2[—5] ) e
¥ g ] 7 [1 % 1]

-—

Is not Confvallable %2 hao obsewable .

B -\? -



